In recent years, many researchers have studied the distributions of the Demmel (or the scaled) condition numbers (DCN) of complex Wishart matrices. In this paper, several new distributional properties of the distribution of the Demmel condition number of complex Wishart matrices are presented. The limiting distributions of the standardized extreme order statistics are given. Since the truncated distributions arise in practical statistics where the ability of record observations is limited to a given threshold or within a speci ed range, there has been a great interest, in recent years, in the characterizations of probability distributions by truncated moments. Before a particular probability distribution model is applied to t the real world data, it is necessary to con rm whether the given continuous probability distribution satis es the underlying requirements by its characterization. Therefore, in this paper, some characterizations of the distribution of DCN are also shown. We hope that the ndings of this paper will be quite useful in many elds of pure and applied sciences, such as, probability, statistics, multivariate statistics, linear algebra, operator algebra theory, actuarial science, physics, wireless communications, and polarimetric synthetic aperture radar (PolSAR), among others.
Introduction
Random matrix theory (RMT) deals with the statistical properties of certain random matrices, which appear in many elds of pure and applied sciences, such as, probability, statistics, multivariate statistics, linear algebra, operator algebra theory, actuarial science, physics, wireless communications, among others. The study of random matrices started with the pioneering works of Wishart (1928) in Statistics in connection with the statistical analysis of large data, which, in literature, is well-known now as the Wishart distribution and has found many applications in various elds of pure and applied sciences, including Polarimetric Synthetic Aperture Radar (PolSAR). Later, Wigner (1955) studied random matrices in Physics. Further development continued with the contributions of many other researchers and authors, see, for example, Haggerup and Thorbjornsen (2003) , Edelman and Rao (2005) , and Edelman and Wang (2013), among others. For the details on an up-to-date research on the applications of the Wishart distribution in PolSAR, the interested readers are referred to a beautiful recent survey paper by Deng et al. (2017) , and references therein. Many researchers have also studied the distributions of the Demmel (or the scaled) condition numbers (DCN) of both real and complex Wishart matrices, their properties and applications, for which the interested readers are referred to Demmel (1988) , Edelman (1988 Edelman ( , 1992 Edelman (1992) studied the distribution of Demmel condition number of complex Wishart matrices. Wei et al. (2011) derived the probability density function (pdf) of Demmel condition number (DCN) for complex Wishart matrices using Mellin transformation. Shakil and Ahsanullah (2016) studied the characterizations of the distribution of the Demmel condition number of real Wishart matrices. Since the truncated distributions arise in practical statistics where the ability of record observations is limited to a given threshold or within a speci ed range, there has been a great interest, in recent years, in the characterizations of probability distributions by truncated moments. Before a particular probability distribution model is applied to t the real world data, it is necessary to con rm whether the given continuous probability distribution satis es the underlying requirements by its characterization. Thus the characterizations of probability distributions by truncated moments may play an important part in the determination of distributions by using certain properties in the given data. For example, the development of the general theory of the characterizations of probability distributions by truncated moment began with the work of Galambos and Kotz (1978) . Further development on the characterizations of probability distributions by truncated moments continued with the contributions of many authors and researchers, among them Kotz and Shanbhag (1980) , Glänzel et al. (1984) , and Glänzel (1987) are notable. Most of these characterizations are based on a simple relationship between two di erent moments truncated from the left at the same point. As pointed out by Glänzel (1987) , these characterizations by truncated moments may serve as a basis for parameter estimation, and may also be useful in developing some goodness-of-t tests of distributions by using data whether they satisfy certain properties given in the characterizations of distributions. For example, as pointed out by Barr and Sherrill (1999) , in a variety of applications, the mean and variance of normal distributions that have been truncated in various ways are needed. Similarly, as pointed out by Kim and Jeon (2013) , in actuarial science, the credibility theory proposed by Buhlmann (1967) allows actuaries to estimate the conditional mean loss for a given risk to establish an adequate premium to cover the insured's loss. In their paper, Kim and Jeon (2013) have proposed a credibility theory based on truncation of the loss data, or the trimmed mean, which also contains the classical credibility theory of Buhlmann (1967) as a special case. In this paper, therefore, motivated by the importance of the distribution of the DCN of complex Wishart matrices in many practical problems, we have studied its several new distributional properties. Based on these distributional properties, we have established some new characterizations of the distribution of the DCN of complex Wishart matrices by truncated rst moment.
The organization of this paper is as follows. In Section 2, several distributional properties of the Distribution of the Demmel Condition Number of Complex Wishart Matrices are presented. The limiting distributions of the standardized extreme order statistics are given. The characterizations of the distribution of the DCN of complex Wishart matrices are provided in Section 3. In Section 4, the concluding remarks are given.
Distributional Properties of the DCN of Complex Wishart Matrices
In this section, we discuss the properties of the distribution of the DCN of complex Wishart matrices.
. Distribution of the DCN of Complex Wishart Matrices
A matrix is called a random matrix if the entries of the matrix are random numbers from a speci ed distribution. If the distribution is Gaussian, then we call it a Gaussian random matrix. Let A be a complex random n × n matrix with independent and identically distributed (i.i. 
The Demmel (or the scaled) condition numbers (DCN) of the complex random matrix of An × n is a random quantity κ D (A), which is de ned as follows:
where λmax = λ > λ > · · · > λn = λ min > are the distinct eigenvalues of the complex Wishart matrix Wn × n = A A H . As pointed out by Edelman (1992) , note that κ D (A) ≥ √ n. For the sake of simplicity, we consider the explicit expression of the probability density function (pdf) of the distribution of the DCN of Complex Wishart Matrices as given in Edelman (1992) . Therefore, following Edelman (1992) , the probability density function (pdf), f (x), of the distribution of the DCN, κ D (A) = X, of complex Wishart matrices, is given by
Using the Maple Software, see, for example, Richards (2002) , among others, the shapes of the pdf, (1), are provided in the Figure 1 below for some selected values of the parameter, that is, n. The e ects of the parameter, n, are obvious from these gures; also, the distribution of the DCN appears to be unimodal and right skewed. The cumulative distribution function (cdf) is given by
Letting t − n = u in (1), and simplifying, the cdf is easily given by
Using the Maple Software, the shapes of the cdf, (2) , are provided in the following Figure 2 for some selected values of the parameter, n. The corresponding survival (or reliability) and the hazard (or failure rate) functions are respectively given by
and
The average failure rate function (AFR), over the interval √ n, t , is given by
which in view of the expansion of logarithmic function as a power series, is seen to be positive irrespective of the values of the parameter, n, and hence the distribution of the DCN is Increasing Failure Rate on Average (IFRA). Also, we note that, since
it is easy see that R (x + y) ≤ R (x) .R (y), which implies that the distribution of the DCN has the property of Never Better than Used (NBU). Di erentiating (4) with respect to x, and simplifying, we have
where h (x) is the hazard (or failure rate) function as given in (4) . In order to discuss the behavior of the failure rate function, h (x), let h / (x) = . We observe that the nonlinear equation The kth moment, E X k , is given by
which follows from the de nition of beta function, that is,
, Re y > . It is evident from (7) that the rst moment exists, which, by taking k = , is given by
Further, it is easily seen that, by taking F (x) = ( − n x − ) n − = . in (2) and solving for x, the median M (n) is given by M (n) = n − − n , n > . Also, the inverse of cdf F (x) = ( − n x − ) n − is easily given by
Let X , X , . . . , Xn be independent observations from the distribution of the DCN. Suppose X , n ≤ X , n ≤ . . . ≤ Xn, n is the associated order statistics. It can be shown that
Thus, if X , n = min (X , X , , ... , Xn), then it follows from Theorem 2. 
Characterization Results

. Characterization by Truncated First Moment
In this section, we provide in Theorems 3.1.1 and 3.1.2, the proposed characterizations of the distribution of DCN for complex Wishart matrices, with pdf (1) and cdf (2), by truncated moment, that is, by considering a product of reverse hazard rate and another function of the truncated point. For this, we will need the following assumptions and lemmas. We the assume that
dx exits for all x, where √ n < x < ∞. We also assume that E(X) exists. Assumptions and Lemmas: Assumptions 3.1.1. Suppose the random variable X is absolutely continuous with the cumulative distribution function F(x) and the probability density function f (x). We assume that γ = inf { x | F (x) > }, and δ = sup { x | F (x) < }, f (x) is a di erentiable function of x in (γ, δ), and E(X) exists. Lemma 3.1.1. Under the Assumption 3.
is a continuous di erentiable function of x with the condition that
du is nite for x > γ, then
dx , where c is a constant determined by the condition ∫ δ γ f (x)dx = .
Proof.
, that is, ∫
. Di erentiating both sides of the above equation with respect to x, we obtain
From the above equation, we obtain
. On integrating the above equation with respect to x, we have
dx , where c is obtained by the condition ∫ ∞ f (x)dx = . This completes the proof of Lemma 3.1.1.
Lemma 3.1.2. Under the Assumption
, where c is a constant determined by the condition ∫ δ γ f (x)dx = .
and r (x) =
From the above equation, on simpli cation, we obtain
Thus, on integrating the above equation with respect to x, we have
where c is determined by the condition ∫ δ γ f (x)dx = . This completes the proof of Lemma 3.1.2.
Theorem 3.1.1. Suppose the random variable X is absolutely continuous with the cumulative distribution function F (x) and the probability density function f (x). We assume that 
Proof. Suppose that we have
, and also
, we have
which follows from the de nition of the incomplete beta function. Conversely, suppose that
Then, di erentiating both sides of the above equation with respect to x and following Lemma 3.1.1, we obtain
Thus, by Lemma 3.1.1, we have
On integrating the above equation with respect to x and simplifying, we obtain
where c is a constant to be determined. Now, integrating f (x) = c x − n (x − n) n − with respect to x from √ n to ∞, with the substitution x = √ n √ −u , and using the condition
f (x) dx = , after simpli cation, we easily obtain c = n (n − ), and hence
This completes the proof of Theorem 3.1.1.
Theorem 3.1.2. Suppose the random variable X is absolutely continuous with the cumulative distribution function F (x) and the probability density function f (x). We assume that 
Then, di erentiating both sides of the above equation with respect to x and following Lemma 3.1.2, we easily obtain
or within a speci ed range. We hope the ndings of our paper may be useful in developing some goodnessof-t tests of distributions by using data whether they satisfy certain properties given in the characterizations of distributions, and, as pointed out above, these characterizations may serve as a basis for parameter estimation. For example, as pointed out by Barr and Sherrill (1999) , in a variety of applications, the mean and variance of normal distributions that have been truncated in various ways are needed. Similarly, as pointed out by Kim and Jeon (2013) , in actuarial science, the credibility theory proposed by Buhlmann (1967) allows actuaries to estimate the conditional mean loss for a given risk to establish an adequate premium to cover the insured's loss. In their paper, Kim and Jeon (2013) have proposed a credibility theory based on truncation of the loss data, or the trimmed mean, which also contains the classical credibility theory of Buhlmann (1967) as a special case. Since the characterizations of probability distributions by truncated moments play an important part in the determination of distributions by using certain properties in the given data, it is hoped that the ndings of our paper, combined with the proposed credibility theory of Kim and Jeon (2013) based on truncation of the loss data, or the trimmed mean, may be useful for researchers in the elds of probability, statistics, and other applied sciences. In view of these assertions, the interested readers are strongly recommended to the papers of Buhlmann (1967) and Kim and Jeon (2013) for some numerical illustration based on truncation of the loss data, or the trimmed mean, and how our proposed characterizations may be applied to these problems in credibility theory. In view of the fact that the Wishart distribution has tremendous applications in PolSAR, we hope that the pdf of the DCN of the complex Wishart matrix may also have some implications in PolSAR research.The authors have given in this paper several theorems to verify whether the DCN of the complex Wishart has the particular pdf. Thus if the pdf of the DCN of the Wishart matrix does not satisfy the conditions of any of the theorems, then we can say that the DCN is not of the Wishart matrix.
